
Supplementary Material 1. Pontryagin maximum principle details.
0. Controlled dynamical system
The controlled system is the system listed in the Materials and Methods section. This supplementary material summarizes the optimal-control 
derivation for the bounded controls u1(t) and u2(t). Let the state vector be X(t)= (SH, IH, RH, AU, SU, IU, AW, SW, IW) and the adjoint vector be λ(t) = (λ1, …, 
λ9). Terminal conditions are λi(T) = 0 for i = 1, …, 9.

1. Hamiltonian and optimal controls
To avoid confusion with the human-compartment subscript H, the Hamiltonian is denoted by 𝓗.

The pointwise minimization of 𝓗 yields the projection formulas:

2. Adjoint system
Define auxiliary terms:

Let GU and GW be the mating-structured aquatic recruitment functions defined above, and let GU,U, GU,W, GW,U, and GW,W denote their partial 
derivatives with respect to FU and FW.
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3. Switching functions

The optimal controls follow the projection rules in Section 1 of Supplementary Material 1 under box constraints.
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